A New Class of Exact Solutions in Einstein-Maxwell-dilaton Theory by Ghezelbash, A. M.
New Class of Exact Solutions in
Einstein-Maxwell-dilaton Theory
A. M. Ghezelbash 1
Department of Physics and Engineering Physics,
University of Saskatchewan,
Saskatoon, Saskatchewan S7N 5E2, Canada
Abstract
We find new solutions to the five-dimensional Einstein-Maxwell-dilaton theory with
cosmological constant where the dilaton field couples to the electromagnetic field as well
as to the cosmological term with two different coupling constants. The five-dimensional
spacetime is non-stationary and is a conformally regular spacetime, everywhere. Both
the dilaton field and the electromagnetic field depends on time and two spatial direc-
tions. The cosmological constant takes positive, negative or zero value, depending on
the value of coupling constant. We study the physical properties of the spacetime and
show that the solutions are unique in five dimensions and can’t be uplifted to higher-
dimensional Einstein-Maxwell theory or Einstein gravity in presence of cosmological
constant. Moreover, we construct new solutions to the theory where both coupling
constants are equal.
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1 Introduction
One of the main objectives in gravitational physics is to construct, explore and understand
the exact solutions to the Einstein field equations in the background of matter fields in
different dimensions. The possibility of extending the known solutions in asymptotically
flat spacetime to the asymptotically de-Sitter and anti de-Sitter solutions, is an important
step in better understanding the recent holographic proposals between the extended theories
of gravity and the conformal field theories in different dimensions [1]-[2]. The explored
solutions cover a vast area of solutions with different charges, such as NUT charges [3]-[5],
different matter fields, such as Maxwell field, dilaton field [6, 7] and axion field [8] and black
hole solutions with different horizon topologies [9]-[11]. Moreover, the references [12]-[15]
include the other solutions to extended theories of gravity with different type of matter
fields in different dimensions. The class of solutions to Einstein-Maxwell-dilaton theory, in
which the dilaton field interacts with the cosmological constant and the Maxwell field, was
considered in [16]-[17]. These solutions are relevant to the generalization of the Freund-
Rubin compactification of M-theory [18], [19]. Inspired by construction and exploring the
new exact solutions to the field equations of Einstein-Maxwell theory, in this article, we find
exact analytical solutions to the Einstein-Maxwell-dilaton theory with cosmological constant
and two dilaton coupling constants.
We explicitly consider the Einstein-Maxwell-dilaon theory in five dimensions, where the
dilaton field couples to the Maxwell field as well as the cosmological term with two different
coupling constants. We solve and show that the field equations support a non-stationary
spacetime with non-trivial solutions for the dilaton and Maxwell fields. Moreover, we consider
the case where the two coupling constants are equal and non-zero and find a new class of
exact solutions. We discuss the physical properties of the solutions. Finally, we consider the
theory where both the coupling constants are zero and show that there is a class of non-trivial
solutions to the field equations. We also show that our new exact solutions can not simply
be found as the result of compactification of a higher (than five) dimensional Einstein or
Einstein-Maxwell theory with a cosmological constant; however we show that our new class
of solutions can be uplifted to a higher-dimensional gravity theory with a form-field, without
a cosmological constant.
In section 2, we consider the Einstein-Maxwell-dilaton theory in presence of the cosmo-
logical constant with two different dilaton coupling constants. We consider the self-dual
Eguchi-Hanson space as the spatial section of the five-dimensional spacetime and also con-
sider special ansatze for the Maxwell field and the dilaton field. The spacetime is described
by two metric functions, where one of them depends explicitly on time and the other depends
on radial and angular coordinates. We solve the field equations and find that the dilaton
coupling constants must be related to each other. Moreover, we show that the cosmological
constant is related to the dilaton coupling constant and becomes negative, positive or zero,
depending on dilaton coupling constant. We then explicitly show that it is not possible
to uplift the solutions into a higher than five dimensional Einstein-Maxwell theory with a
cosmological constant or into a six-dimensional gravity with a cosmological constant. In
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section 3, we consider the Einstein-Maxwell-dilaton theory, where the two dilaton coupling
constants are equal to each other. We employ a metric ansatz that is very similar to the
metric ansatz where the dilaton coupling constants are not equal. In the former case, we
consider an extra time dependence for the metric function, that previously depended only
on radial and angular coordinates. We also consider a different form for the dependence of
the Maxwell field on the metric function. We explicitly solve the field equations and find
exact solutions for the metric functions, the Maxwell field and the dilaton filed. Moreover,
we find that the cosmological constant can take only some specific values in terms of the dila-
ton coupling constant. We discuss the physical properties of the solutions and compare the
asymptotic behaviour of the solutions to the case, where the dilaton coupling constants are
not equal. We also discuss the possibility of uplifting the solutions into higher-dimensional
Einstein-Maxwell theory, only for some specific values of the dilaton coupling constant.
Finally, in section 4, we consider a very special case where the dilaton coupling constant
is zero. The dilaton sector decouples from the theory and the theory reduces to the Einstein-
Maxwell theory. We consider the metric ansatz and the gauge field the same as in section
3, where we set the dilaton constant to be zero. We find exact analytical solutions for the
metric functions. The concluding remarks and two appendices, wrap up the article.
2 Exact Solutions to Einstein-Maxwell-dilaton field equa-
tions with two different coupling constants a and b
The Eguchi-Hanson space is an asymptotically locally Euclidean space where its curvature
two form is a self-dual form. The Eguchi-Hanson line element is given by
ds2EH =
dr2
g(r)2
+
r2g(r)2
4
(dψ + cos θdφ)2 +
r2
4
(dθ2 + sin2(θ)dφ2). (2.1)
The metric function g(r) in (2.1) is given by g(r) =
√
1− (h
r
)4 that implies the radial
coordinate r ≥ h. The Eguchi-Hanson metric (2.1) can be expressed in terms of three
one-forms σi, i = 1, 2, 3 as
ds2EH =
dr2
g(r)2
+
r2g(r)2
4
σ23 +
r2
4
(σ21 + σ
2
2), (2.2)
where the one-forms σi, are the left invariants for the SU(2) group manifold which are
σ1 = sinψdθ − cosψ sin θdφ, (2.3)
σ2 = − cosψdθ − sinψ sin θdφ, (2.4)
σ3 = dψ + cos θdφ. (2.5)
The three periodic Euler angles θ, φ and ψ parametrize the SU(2) group manifold, where
their periodicities are pi, 2pi and 4pi, respectively. We note that there is a single removable
2
bolt singularity at r = h that can be removed by restricting the range of coordinate ψ in
the interval 0 ≤ ψ ≤ 2pi for any positive Eguchi-Hanson parameter h. The Kretschmann
invariant for the Ricci-flat Eguchi-Hanson metric (2.1) is
K = 384h
8
r12
. (2.6)
The topology of Eguchi-Hanson space near the bolt singularity at r = h, is the topology
of manifold R2 × S2 where the radius of S2 is h
2
. Moreover, the Eguchi-Hanson space is
asymptotically a lens space S3/Z2. The supergravity solutions based on Eguchi-Hanson
space, have been constructed and investigated in [20, 21]. The CFT realization of the
heterotic strings in the double scaling limit, has been constructed by using the warped
extension of Eguchi-Hanson space [22]. The coalescence of black holes, as well as black
ring and brane solutions on the Eguchi-Hanson space were extensively studied in [23]-[29].
Moreover, the six-dimensional Eguchi-Hanson space was obtained in [30] as a Ricci-flat
Ka¨hler metric on a resolved conifold and used for construction of M-brane solutions on
resolved conifolds [20].
The action for the five-dimensional Einstein-Maxwell-dilaton theory, where the dilaton
field couples to the electromagnetic field, and also couples to the cosmological constant, is
given by
S =
∫
d5x
√−g{R− 4
3
(∇φ)2 − e−4/3aφF 2 − e4/3bφΛ}, (2.7)
where we set the gravitational constant equal to (16pi)−1. The coupling constant for the cou-
pling of the dilaton field to the electromagnetic field is a. Moreover, b is the coupling constant
for the coupling of the dilaton field to the cosmological term. We obtain the Einstein’s field
equations Eµν = 0, together with the field equations Mµ = 0 for the electromagnetic field
and the field equation D = 0 for the dilaton field, by varying the action (2.7) with respect
to the metric tensor gµν , the gauge field Aµ and the dilaton field φ, respectively. The field
equations Eµν =Mµ = D = 0 are given explicitly in appendix A.
In this section, we consider the most general case for the coupling constants, in which
the coupling constants are non-zero numbers and are not equal to each other. In this regard,
we consider the five-dimensional metric and the electromagnetic gauge field as
ds25 = −
1
H2(r, θ)
dt2 +R2(t)H(r, θ)ds2EH , (2.8)
At(t, r, θ) = αR
X(t)HY (r, θ), (2.9)
where the metric functions H(r, θ) and R(t), depend on two coordinates, r, θ and t, respec-
tively. We also note that the gauge field (2.9) depends on three coordinate t, r and θ where
X and Y are two constants. The gauge field (2.9) generates an electric field, in r and θ direc-
tions, that depends on coordinates t, r and θ. In equation (2.8), ds2EH is the Eguchi-Hanson
space which is given by equation (2.1). Moreover, we consider the following ansatz for the
dependence of the dilaton field on metric functions H(r, θ) and R(t)
φ(t, r, θ) = − 3
4a
ln(HU(r, θ)RV (t)), (2.10)
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where U and V are two other constants. We should emphasize that the class of our solutions
to Einstein-Maxwell-dilaton theory (that are given in equations (2.8), (2.9) and (2.10)),
depends on time coordinates as well as two spatial coordinates r and θ and to our knowledge,
is the first know class of solutions depending on three coordinates. The class of our solutions
is quite distinct from the other known classes of solutions [6, 31].
The two non-zero Maxwell’s equations Mr = 0,Mθ = 0 yield
X + V = −2. (2.11)
The only other non-zero Maxwell’s equation Mt = 0 gives a coupled differential equation
for the metric function H(r, θ) as
(UY + 1)(−h4 + r4)r sin θ
(
∂H
∂r
)2
− (h4r − r5)H sin θ∂
2H
∂r2
+ (h4 + 3r4)H sin θ
∂H
∂r
+ 4(U + Y + 1) sin θ
(
∂H
∂θ
)2
r3 + 4H sin θ
∂2H
∂θ2
r3 + 4H cos θ
∂H
∂θ
r3 = 0. (2.12)
Moreover the non-diagonal Einstein’s equations Gtr = 0, Gtθ = 0 implies
UV + 4a2 = 0. (2.13)
The other non-diagonal Einstein’s equation Grθ = 0 implies
U + 2Y = 0, V + 2X = 0, α2Y 2 =
3U2
4a2
+
3
2
. (2.14)
The equations (2.11),(2.13) and (2.14) yield
X = 2, Y = −1− a
2
2
, U = a2, V = −4, α2 = 3
a2 + 2
. (2.15)
Upon substituting the results from equations (2.15) and (2.10) in (2.12), we find a partial
differential equation for H(r, θ). The form of this equation suggests that we change the
function H(r, θ) to G(r, θ) = H(r, θ)1+
a2
2 . The partial differential equation for G(r, θ) read
as
(h4r − r5) sin θ∂
2G
∂r2
− (h4 + 3r4) sin θ∂G
∂r
− 4r3(sin θ∂
2G
∂θ2
+ cos θ
∂G
∂θ
) = 0. (2.16)
We find that the solutions to differential equation (2.16) are proportional to 1
r2±h2 cos θ and
so we consider a general solution for G, such as
G(r, θ) = 1 +
g+
r2 + h2 cos θ
+
g−
r2 − h2 cos θ , (2.17)
where g± are two constants. It turns out that the metric function H(r, θ) is then equal to
H(r, θ) = (1 +
g+
r2 + h2 cos θ
+
g−
r2 − h2 cos θ )
2
2+a2 . (2.18)
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Figure 2.1 shows the behaviour of metric function H(r, θ) where we set h = 2, g+ = 5, g− =
3, a = 1.
Figure 2.1: The metric function H(r, θ) as function of r and x = cos θ, where we set h =
2, g+ = 5, g− = 3, a = 1.
We then substitute all the results into equation Gtt = 0 and solve for Λ in terms of
unknown metric function R(t). We substitute the result for Λ in equation Grr = 0 and find
a differential equation for R(t) that is given by
a2R(t)
d2R(t)
dt2
= (a2 − 4)(dR(t)
dt
)2. (2.19)
The solutions to differentia equation (2.19) are
R(t) = (ξ t+ ζ)a
2/4, (2.20)
where ξ and ζ are two arbitrary constants. If we substitute for R(t) (given by (2.20)) in the
equation that we previously found for Λ, we find that the cosmological constant is given by
Λ =
3
8
Q(r, θ)
2ab+4
a2+2 (ξ t+ ζ)−ab−2a2ξ2(a2 − 1), (2.21)
where Q(r, θ) is a function of r and θ. The presence of Q as a function of coordinates
in (2.21) enforces a relation between the coupling constants, ab = −2, to guarantee that
the cosmological constant is independent of spacetime coordinates. Hence we find that the
cosmological constant is related to the coupling constant a and ξ by
Λ =
3
8
ξ2a2(a2 − 1). (2.22)
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We note that the cosmological constant takes a negative value for the coupling constant
0 < a < 1, positive value for a > 1 and zero where a = 1.
Upon substitution of cosmological constant Λ and the coupling constant b = − 2
a
in the
other Einstein’s equations and also the dilaton equation, we find that all the equations
are completely satisfied. We should emphasize that the coupling constant a is completely
arbitrary in our solutions, while the coupling constant b is related to a by b = − 2
a
. In figures
2.2 and 2.3, we present the components of the electric field in r and θ directions as functions
of r and θ, for three different time slices.
Figure 2.2: The r-component of electric field as function of r and x = cos θ for three time
slices; t = 1 (upper surface), t = 10 (middle surface) and t = 100 (lower surface), where we
set h = 2, g+ = 5, g− = 3, a = 1, ξ = 2, ζ = 4.
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Figure 2.3: The θ-component of electric field as function of r and x = cos θ for three time
slices; t = 1 (upper surface), t = 10 (middle surface) and t = 100 (lower surface), where we
set h = 2, g+ = 5, g− = 3, a = 1, ξ = 2, ζ = 4.
Moreover, figure 2.4 shows the behaviour of the dilaton field, as a function of r and θ for
three different time slices.
Figure 2.4: The dilaton field φ(t, r, θ) as function of r and x = cos θ for three time slices;
t = 1 (upper surface), t = 10 (middle surface) and t = 100 (lower surface), where we set
h = 2, g+ = 5, g− = 3, a = 1, ξ = 2, ζ = 4.
Furnished by all the above results, we find that the five-dimensional spacetime (2.8) read
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explicitly as
ds25 = −{
r4 + g1r
2 − g2h2 cos θ − h4 cos4 θ
r4 − h4 cos2 θ }
−4/(a2+2)dt2
+ (ξt+ ζ)a
2/2{r
4 + g1r
2 − g2h2 cos θ − h4 cos4 θ
r4 − h4 cos2 θ }
2/(a2+2)
× { dr
2
g(r)2
+
r2g(r)2
4
(dψ + cos θdφ)2 +
r2
4
(dθ2 + sin2(θ)dφ2)}, (2.23)
where g1 = g+ + g− and g2 = g+ − g−.
We note that the metric (2.23) possesses a bolt structure at r = h and there are two
singularities on north and south poles (θ = 0 and θ = pi, respectively) on S2 bolt. Moreover,
the Ricci scalar is singular on the hypersurface t = − ζ
ξ
. The bolt can be removed by
restricting the range of coordinate ψ on the interval [0, 2pi]. Moreover, the spacetime becomes
completely regular on the hypersurface t = − ζ
ξ
, by choosing the dilaton coupling constant
a ≥ √2, after conformally rescaling the metric by the factor e− 43aφ. We may consider that
the solution for the spacetime metric (2.23) along with the electromagnetic field (2.9) and
the dilaton (2.10), can be uplifted to some known solutions in higher dimensions with a
cosmological constant. However, we could not find any set of coupling constants such that
our solutions can be uplifted into a higher-dimensional theory. More specifically, there are
two different possible uplifting processes. In the first uplifting process, some solutions to the
Einstein-Maxwell-dilaton theory (with two coupling constants and the cosmological term, as
the same as in action (2.7)), can be uplifted to the Einstein-Maxwell theory with cosmological
constant in higher than five dimensions. In the second uplifting process, the solutions can
be uplifted to the solutions of six dimensional gravity with a cosmological constant.
However, none of these two uplifting processes are applicable to our solutions (2.23), (2.9)
and (2.10) to the Einstein-Maxwell-dilaton theory. In fact, the former uplifting from five to
5 + d-dimensions is possible only for some specific values of the coupling constants where
a = b and the number of extra dimensions is equal to d = 3a
2
1−a2 [32], [33]. However as we
noticed before, the consistency of the solutions implies ab = −2 and so, there is no value for
the coupling constant a, such that a = b.
The latter uplifting from five to six dimensions (i.e. the special case of uplifting the
d-dimensional solutions to Einstein-Maxwell-dilaton theory with two coupling constants to
the solutions of d+ 1-dimensional gravity with the cosmological constant) is only possible if
the coupling constants are equal to a = ±2 and b = ±1
2
, respectively for d = 5 [31], [34].
However, the product of these coupling constants are equal to +1 and so they are not in
agreement with the relation between our coupling constants.
Indeed, we have explicitly checked that the six-dimensional metric for the uplifted theory
with b = ±1
2
[31], [34]
ds26 = e
∓( 4
3
)( 1
2
)φ(t,r,θ)ds25 + e
±4( 1
2
)φ(t,r,θ)(dz + 2At(t, r, θ)dt)
2, (2.24)
does not satisfy the Einstein’s equations with a cosmological constant. In (2.24), z is the
uplifted coordinate and φ(t, r, θ) and At(t, r, θ) are given by equations (2.10) and (2.9), re-
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spectively. A more careful analysis of the uplifting process for the different cases in references
[6, 34] show that the spacetime metric for the five-dimensional Einstein-Maxwell-dilaton the-
ory, always is diagonal [6, 34]. Although there is no restriction on the diagonality of five-
dimensional spacetime, but we may need a new anstaz for the uplifting of the five-dimensional
spacetime (2.23) into the six-dimensional gravity with the cosmological constant.
As we noticed above, the solution for the spacetime metric (2.23), the electromagnetic
field (2.9) and the dilaton field (2.10), can’t be uplifted to some known solutions in higher
dimensions with a cosmological constant. However, as it is shown in reference [32], we can
consider the D = p + q + 1-dimensional theory for the gravity with a q + 1-potential B[q+1]
in presence of cosmological constant ΛD
SD =
∫
dDx
√−g{R− 1
2(q + 2)!
F2[q+2] + 2ΛD}, (2.25)
where F[q+2] is the q + 2-field strength form for the q + 1-potential B[q+1], given by F[q+2] =
dB[q+1]. The dimensional reduction from D-dimensions to p + 1-dimensions on an internal
curved q-dimensional space with the line element dK2q , according to the ansatze for the
metric
ds2D = e
−δφˆds2p+1 + e
φˆ( 2
δ(p−1)−δ)dK2q , (2.26)
and the potential
B[q+1] = A[1] ∧ dKq, (2.27)
leads to the Einstein-Maxwell-dilaton theory with a potential that depends on two exponen-
tials,
Sp+1 =
∫
dp+1x{R− 1
2
(∇φˆ)2 − 1
4
eγφˆF2[2] + 2ΛDe−δφˆ + 2Λˆe−
2
δ(p−1) φˆ}. (2.28)
In equation (2.28), the dilaton coupling constants δ =
√
2q
(p−1)(p+q−1) and γ = (2 − p)δ [32].
Moreover Λˆ is equal to the half of the Ricci scalar of the internal space. Comparing the
actions (2.28) and (2.7), we note that our five-dimensional solutions (2.23), (2.9) and (2.10)
can be uplifted to a higher-dimensional theory (2.25) without any cosmological constant
ΛD = 0, if we redefine γ = −43
√
3
8
a, δ = −3
2
√
3
8
1
(p−1)b . The relation ab = −2 together with
γ = (2− p)δ lead to p = 4. Moreover, we have redefined the dilaton field φˆ =
√
8
3
φ, the one
form A[1] = 2Atdt and 2Λˆ = −Λ to make all the terms in the action (2.28) exactly equal to
the terms in (2.7). The Ricci scalar R of spacetime (2.8) is given by
(2V 3H3R2r2)R = 16H5RV 3R¨r2 + 24H5R˙2V 3r2 + 2VrrV H2r2 − 4V 2r H2r2 − 2HrrHV 2r2
+ 2V VrHrr
2 −H2r,rV 2r2 + 16V 3H2 + 14VrV H2r − 8HθθV 3H
− 8cos θ
sin θ
V 3HθH − 6V 2HHrr − 4H2θV 3 − 16V 2H2, (2.29)
where Hi =
∂H
∂i
, Hii =
∂2H
∂i2
, i = r, θ and ˙ = d
dt
. The Ricci scalar and also the quadratic
Kretschmann scalar are divergent at r = h, θ = 0 and r = h, θ = pi. However by rescaling
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the metric by a conformal factor proportional to the dilaton field and restricting the range
of dilaton coupling constant, we find a regular spacetime. In the asymptotic limit where
r →∞, the metric (2.23) approaches to
ds25 = −dt2 + (ξt+ ζ)a
2/2
(
dr2 +
r2
4
((dψ + cos θdφ)2 + dθ2 + sin2 θdφ)
)
. (2.30)
We note that on a fixed time hypersurface t = T , the asymptotic geometry is the geometry
of a circle of radius r
2
(ξT + ζ)a
2/4 fibered over a sphere. The radius of circle at T → ∞ is
going to infinity as r
2
(ξT )a
2/4.
3 Exact Solutions with equal coupling constants a and
b
In section 2, we found a new class of exact solutions to Einstein-Maxwell-dilaton theory in
which the two coupling constants are not equal and satisfy a constraint equation, as ab = −2.
In this section, we find a new class of exact solutions to Einstein-Maxwell-dilaton theory,
where the coupling constants a and b are equal. We consider the five-dimensional metric as
ds25 = −
1
H2(t, r, θ)
dt2 +R2(t)H(t, r, θ)ds2EH , (3.1)
where ds2EH is given by (2.1). The main difference between the metric ansatze (2.8) and
(3.1) is that, in the former case, there is no time dependence for the metric function H,
while in the latter case, the metric function H depends explicitly on the time coordinate as
well as two spatial coordinates. We also use the following ansatz for the dependence of the
electromagnetic field on the coordinates
At(t, r, θ) = αR
X(t)HY (t, r, θ), (3.2)
where X and Y are two constants that we will find them later. Also, we consider a dilaton
field that depends on both metric functions H(t, r, θ) and R(t), and is given by
φ(t, r, θ) = − 3
4a
ln(RU(t)HV (t, r, θ)), (3.3)
where U and V are two other constants. Although we consider equal coupling constants,
however solving the Maxwell’s differential equations to find consistent values for the constants
U, V,X and Y are more difficult, because the differential equations are more complicated
(compared to case where the coupling constants are not equal), due to extra terms that
are related to the time derivative of metric function H(t, r, θ). A detailed analysis of the
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Maxwell’s equations and some of the Einstein field equations (appendix B) lead to
X = −a2, (3.4)
Y = −1− a
2
2
, (3.5)
U = 2a2, (3.6)
V = a2, (3.7)
and the following form for the metric function H(t, r, θ)
H(t, r, θ) = R−2(t){R2+a2(t) +K(r, θ)} 22+a2 , (3.8)
where K(r, θ) is an arbitrary function of r and θ. We substitute for H(t, r, θ) in terms of
R(t) and K(r, θ) in Gtt = 0 and symbolically solve to find the cosmological constant Λ. We
then substitute for the cosmological constant in Grr = 0 and find the following differential
equation for the metric function R(t)
(R (t))4 a
2+2
(
d
dt
R (t)
)2
(a2 − 1) + (R (t))4 a2+3 d
2
dt2
R (t) = 0, (3.9)
as well as two partial differential equations for K(r, θ), that are given by
− 3 r
(
∂2
∂r2
K (r, θ)
)
K (r, θ) sin θ (h4 − r4) + 3
(
∂
∂r
K (r, θ)
)
K (r, θ) sin θ (h4 + 3r4)
+ 12 r3
(
∂
∂θ
K (r, θ)
)
K (r, θ) cos θ + 12 r3
(
∂2
∂θ2
K (r, θ)
)
K (r, θ) sin θ
+ 4 r3
(
∂
∂θ
K (r, θ)
)2
sin θ (a2α2 + 2α2 − 3) = 0,
(3.10)
and
− r
(
∂2
∂r2
K (r, θ)
)
sin θ (h4 − r4) +
(
∂
∂r
K (r, θ)
)
sin θ (h4 + 3 r4)
+ 4 r3
(
∂
∂θ
K (r, θ)
)
cos θ + 4 r3
(
∂2
∂θ2
K (r, θ)
)
sin θ = 0.
(3.11)
We solve the differential equation (3.9) and find the solutions for R(t) as
R(t) = (µt+ ν)
1
a2 . (3.12)
Moreover we find that the solutions to (3.10) and (3.11) are given by
K(r, θ) = 1 +
k+
r2 + h2 cos θ
+
k−
r2 − h2 cos θ , (3.13)
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where k+ and k− are two constants. Quite interestingly, this function looks the same as the
function G(r, θ), that we found before in (2.17). Substituting the metric functions R(t) and
H(t, r, θ) from equations (3.8), (3.12) and (3.13) into the equation that we found for the
cosmological constant, we find that the cosmological constant is
Λ =
3
2
µ2
4− a2
a4
. (3.14)
We note that the cosmological constant takes positive, zero or negative values, depending on
the coupling constant a. After substituting all the obtained results in the other remaining
Einstein field equations, we find that all of them are completely satisfied. The dilaton
field equation also is satisfied upon substituting the metric functions and the cosmological
constant. Figures 3.1-3.4 show the typical behaviours of the metric function H(t, r, θ), the
dilaton field φ(t, r, θ) and the non-zero components of the electromagnetic tensor Ftr(t, r, θ)
and Ftθ(t, r, θ) versus coordinates r and θ, over some t = constant hypersurfaces, where we
set the specific values for the constants h = 2, k+ = 5, k− = 3, a = 1, µ = 1, ν = 2.
Figure 3.1: The metric function H(t, r, θ) as function of r and x = cos θ for three time
slices t = 1 (upper surface), t = 2 (middle surface) and t = 5 (lower surface), where we set
h = 2, k+ = 5, k− = 3, a = 1, µ = 1, ν = 2.
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Figure 3.2: The dilaton φ(t, r, θ) as function of r and x = cos θ for two time slices t = 1 (upper
surface) and t = 2 (lower surface), where we set h = 2, k+ = 5, k− = 3, a = 1, µ = 1, ν = 2.
Figure 3.3: The r-component of electric field as function of r and x = cos θ for two time
slices; t = 1 (lower surface), t = 2 (upper surface), where we set h = 2, k+ = 5, k− = 3, a =
1, µ = 1, ν = 2.
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Figure 3.4: The θ-component of electric field as function of r and x = cos θ for one time
slices; t = 1, where we set h = 2, k+ = 5, k− = 3, a = 1, µ = 1, ν = 2.
The five-dimensional metric
ds25 = −(µt+ ν)
4
a2 {(µt+ ν) 2+a
2
a2 +
k+
r2 + h2 cos θ
+
k−
r2 − h2 cos θ}
−4/(a2+2)dt2
+ {(µt+ ν) 2+a
2
a2 +
k+
r2 + h2 cos θ
+
k−
r2 − h2 cos θ}
2/(a2+2)
× { dr
2
g(r)2
+
r2g(r)2
4
(dψ + cos θdφ)2 +
r2
4
(dθ2 + sin2(θ)dφ2)}, (3.15)
definitely can be uplifted to a solution to the Einstein-Maxwell theory with a cosmological
constant, in higher dimensions if the coupling constant a is greater than or equal to 1
2
and
less than 1. In fact, the Einstein-Maxwell theory with a cosmological constant, would be a
5+D-dimensional theory with the cosmological constant Λ = 9µ2
2
(D+3)(D+4)
D2 , where D = 3a
2
1−a2 .
The 5 +D-dimensional metric is
ds25+D = e
4
3
√
D
D+3φ(t,r,θ)ds25 + e
−4
D
√
D
D+3φ(t,r,θ)d~y · d~y, (3.16)
where ~y = (y1, · · · , yD) parametrizes an Euclidean ED space. We explicitly check that (3.16)
satisfies all the Einstein-Maxwell field equations for a = 1
2
,
√
2
5
and 1√
2
(where D = 1, 2 and
3) with the cosmological constants Λ = 90µ2, 135
4
µ2 and 21µ2, respectively. We also note
that asymptotically, the metric (3.15) becomes
− dt2 + (µt)2/a2{dr2 + r
2
4
(
dΩ2 + (dψ + cos θdφ)2
)}. (3.17)
As we notice from (3.17), the t = constant hypersurfaces are simply the fibration of a circle
which is parameterized by ψ, over a sphere. We note that the scale factor for the t = constant
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hypersurface is (µt)2/a
2
, while for the solutions with different a and b, the scale factor of the
asymptotic metric (2.30) is (ξt+ ζ)a
2/2.
We note that the solutions for the dilaton field (3.3) as well as the cosmological constant
(3.14), are not well defined where the coupling constant a, approaches to zero. In other
words, if we are interested in the exact solutions with the finite cosmological constant, in the
limit where a→ 0, we shall impose the limit in the action (2.7) and solve the corresponding
field equations.
4 Solutions with both coupling constants a = b equal
to zero
As we noticed in the last section, we can’t simply consider a solution where the coupling
constant a = b→ 0, as this makes the dilaton field and cosmological constant divergent. In
fact, in the limit of a = b→ 0, the action (2.7) implies that the dilaton field decouples from
the theory and the theory simply reduces to the Einstein-Maxwell theory in presence of a
cosmological constant. We consider the metric ansatz the same as (3.1)
ds25 = −
1
H(t, r, θ)2
dt2 +R(t)2H(t, r, θ)ds2EH , (4.1)
however, we consider a simpler ansatz for the Maxwell gauge field, that is given by
At(t, r, θ) =
α
H(t, r, θ)
. (4.2)
Inspired with the solutions (3.8) and (3.13) for the metric function H, where the coupling
constants are not zero, we consider a possible solution for the metric function H(t, r, θ) as
H(t, r, θ) = 1 +
f(t)
r2 +X cos θ
, (4.3)
where f(t) depends only on time and X is a constant. Substituting the solution (4.3) in
Maxwell’s equation Mt = 0 leads to
X = ±h2. (4.4)
So, we consider the following form for the metric function
H(t, r, θ) = 1 + f(t)(
f+
r2 + h2 cos θ
+
f−
r2 − h2 cos θ ), (4.5)
where f± are two constants. The other Maxwell’s equationsMr = 0 andMθ = 0, lead to a
differential equation for the function f(t),
R(t)
df(t)
dt
+ 2f(t)
dR(t)
dt
= 0, (4.6)
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and so, we find that
f(t) ' 1
R(t)2
. (4.7)
The non-diagonal field equations Gtr = 0, Gtθ = 0 are satisfied upon substitution for H(t, r, θ)
by equation (4.5). Moreover, the equation Grθ = 0 yields
α2 =
3
2
. (4.8)
We then symbolically solve the equation Gφψ = 0 for the cosmological constant Λ and then
substitute the result into equation Gtt = 0. We find a differential equation for the metric
function R(t) as
R(t)
d2R(t)
dt2
− (dR(t)
dt
)2 = 0, (4.9)
where the solutions are given by
R(t) = R0e
R1t. (4.10)
In equation (4.10), R0 and R1 are two constants and  = ±1. The Einstein’s equation
Gφψ = 0 leads to an algebraic equation for R1
6R21 = Λ. (4.11)
To summarize, the metric function H(t, r, θ) finally is given by
H(t, r, θ) = 1 + e−2
√
Λ
6
t(
a+
r2 + h2 cos θ
+
a−
r2 − h2 cos θ ), (4.12)
where a± are two arbitrary constants. We also explicitly check that the other Einstein’s
equations Gφφ = 0, Grr = 0 and Gθθ = 0 are satisfied after substituting the above results.
Figures 4.1 and 4.2 show the typical behaviour of the metric function as a function of
r and x = cos θ for  = +1 and  = −1 respectively. In the former case, the metric
function monotonically decreases by increasing the time coordinate, while in the latter case,
it monotonically increases by increasing the time coordinate. The two spikes in the figures
correspond to the location of singularities at r = h, θ = 0 and r = h, θ = pi that can be
removed by a conformal rescaling. The components of electric field are plotted in terms of
coordinates r and x = cos θ in figures 4.3 and 4.4. We should note that our solution for the
metric function (4.12) is different from the metric function for the coalescing black holes in
Einstein-Maxwell theory with cosmological constant, on Eguchi-Hanson space [25, 24], due
to the different metric ansatz (4.1).
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Figure 4.1: The metric function H(t, r, θ) as a function of r and x = cos θ for two time slices
t = 1 (upper surface) and t = 2 (lower surface), where we set  = +1, h = 2, a+ = 5, a− =
3, Λ = 3.
Figure 4.2: The metric function H(t, r, θ) as a function of r and x = cos θ for two time slices
t = 1 (lower surface) and t = 2 (upper surface), where we set  = −1, h = 2, a+ = 5, a− =
3, Λ = 3.
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Figure 4.3: The r-component of electric field as function of r and x = cos θ for t = 1, where
we set h = 2, a+ = 5, a− = 3, Λ = 3.
Figure 4.4: The θ-component of electric field as function of r and x = cos θ for t = 1, where
we set h = 2, a+ = 5, a− = 3, Λ = 3.
5 Conclusions
In this article, we found explicit exact solutions to the five-dimensional Einstein-Maxwell-
dilaton theory in presence of cosmological constant where the dilaton field couples to the
Maxwell fields as well as the cosmological constant. We first considered the most general case,
where the two coupling constants are different. We found that the constant number in the
Maxwell field, the different exponents of the metric functions in the Maxwell and dilaton fields
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and the cosmological constant depend on the value of the first coupling constant. Moreover
the value of the second coupling constant is being fixed by the the first coupling constant. We
derived the explicit form of the metric for the spacetime and showed that the solutions can’t
be uplifted to a higher dimensional Einstein-Maxwell theory or higher dimensional Einstein
gravity with a cosmological constant. However a higher-dimensional gravity theory with
a form-field without any initial cosmological constant can be compactified on an internal
curved space to yield the uplifted version of our solutions. We discussed the asymptotic
properties of the spacetime and showed that the spacetime is regular almost everywhere, up
to a conformal rescaling. We then considered the theory, where the two dilaton coupling
constants are equal and found explicit expressions for the metric, the Maxwell and dilaton
fields. We discussed the physical properties of the asymptotic metric. We also found that
for some special values of the dilaton coupling constant, we can uplift the solutions with the
equal dilaton coupling constants to the solutions of a higher-dimensional Einstein-Maxwell
theory where the dimension of theory depends on the dilaton coupling constant. Moreover,
we found a new class of exact solutions to the Einstein-Maxwell theory as a result of reduction
of theory in the limit of zero dilaton coupling constant. The solutions are asymptotically dS
while for non-zero dilaton coupling constants are not necessarily dS or anti dS. Constructing
similar solutions to the Einstein-Maxwell-dilaton theory with other self-dual geometries in
five or higher dimensions would be an interesting task as well as studying the thermodynamics
and relation of our solutions to the possible coalescing of black holes. We leave these open
questions for a forthcoming article [35].
6 Appendix A: The Field Equations for Einstein-Maxwell-
Diltaon Theory
The variation of the Einstein-Maxwell-dilaton action (2.7) with respect to gµν leads to the
Einstein’s field equations that are given by
Eµν ≡ Rµν − 2
3
Λgµνe
4/3bφ − (F λµFνλ −
1
6
gµνF
2)e−4/3aφ − 4
3
∇µφ∇νφ = 0. (6.1)
Moreover, varying the action (2.7) with respect to the electromagnetic gauge field Aµ
yields the Maxwell’s field equations
Mµ ≡ ∇ν(e−4/3aφFµν) = 0, , (6.2)
and finally, the variation of the action (2.7) with respect to the dilaton field gives
D ≡ ∇2φ+ a
4
e−4aφ/3F 2 − be4/3bφΛ = 0. (6.3)
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7 Appendix B: Solving the Field Equations for Equal
Coupling Constants a = b
The three non-zero Maxwell’s equations after substituting for φ(t, r, θ) (given by equation
(3.3)), are given by
Mt = 3α sin θ HY (t, r, θ)Y RX (t) r5{
(
∂
∂r
H (t, r, θ)
)2
(V h4r − V r5 + Y h4r − Y r5 + h4r − r5)
+ H (t, r, θ)
(
∂2
∂r2
H (t, r, θ)
)
(h4r − r5)
−
(
∂
∂r
H (t, r, θ)
)
H (t, r, θ) (h4 − 3r4)− 4 r3
(
∂
∂θ
H (t, r, θ)
)2
(V + Y + 1)
− 4
(
∂2
∂θ2
H (t, r, θ)
)
H (t, r, θ) r3 − 4H (t, r, θ)
(
∂
∂θ
H (t, r, θ)
)
r3 tan−1 θ}, (7.1)
Mr =
(
∂
∂r
H (t, r, θ)
) (
∂
∂t
H (t, r, θ)
)
R (t) (V + Y + 1)
+
(
∂
∂r
H (t, r, θ)
)
H (t, r, θ) (U +X + 2)
d
dt
R (t) +
(
∂2
∂t∂r
H (t, r, θ)
)
R (t)H (t, r, θ) , (7.2)
Mθ =
(
∂
∂θ
H (t, r, θ)
) (
∂
∂t
H (t, r, θ)
)
R (t) (V + Y + 1)
+
(
∂
∂θ
H (t, r, θ)
)
H (t, r, θ) (U +X + 2)
d
dt
R (t) +
(
∂2
∂t∂θ
H (t, r, θ)
)
R (t)H (t, r, θ) . (7.3)
We solve equation (7.1) for V and substitute the result in equations (7.2) and (7.3). We
then solve these two equations to obtain U . We find the two solutions for U are equal, if
and only if
∂2H
∂t∂r
∂H
∂r
=
∂2H
∂t∂θ
∂H
∂θ
. (7.4)
We find that equation (7.4) implies ∂H
∂r
− ∂H
∂θ
must be only a function of r and θ. To satisfy
the last requirement, we choose
H(t, r, θ) = f(t){g(t) +K(r, θ)}W , (7.5)
where W is a constant and f, g and K are arbitrary functions. Moreover, we notice that
that the metric function R2H becomes
R2(t)H(t, r, θ) = {R2(t)f(t)}{g(t) + k(r, theta)}W . (7.6)
Hence, we may choose f(t) = R−2(t) and also g(t) as some power of R(t), to find possibly,
the simplest solution for H. As a result, we consider the ansatz
H(t, r, θ) = R−2(t){RQ(t) +K(r, θ)}W , (7.7)
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where Q is another constant. We substitute (7.7) for H in Einstein’s equation Gtr = 0 and
Gtθ = 0. Both equations lead to
U = 2V, W (V 2 + 2a2)− 2a2 = 0. (7.8)
Moreover, substituting equation (7.7) for H, as well as equation (7.8), in the Maxwell’s
equation Mr = 0 and also Mθ = 0, yield the results
Q(−2V a2 − 2Y a2 + V 2 − 2a2) + (X − 2Y )(−V 2 − 2a2) + 2V 2 + 4a2 = 0, (7.9)
and
(V 2 + 2a2)(X − 2Y − 2) = 0. (7.10)
Equation (7.10) implies Y = X
2
− 1. We can’t consider V = −2a2 as this makes W , which is
given by equations (7.8), diverges. If we consider the other non-diagonal Einstein equation
Grθ = 0, we find that
V + 2Y + 2 = 0, (7.11)
which implies X = −V and also
4α2Y 2a2 = 3V 2 + 6a2. (7.12)
The last equation gives α2 in terms of V as
α2 =
3V 2 + 6a2
4(1 + V/2)2a2
. (7.13)
Substituting all the above obtained results in Grθ = 0, we find
V = a2. (7.14)
The equations (7.8) give
U = 2a2, W =
2
2 + a2
. (7.15)
We also find from (7.11) that
Y = −1− a
2
2
, (7.16)
and X = −a2. The constant Q also can be obtained from (7.9) that is given by
Q = 2 + a2. (7.17)
So, we have found all the constants that appear in our solutions. We summarize the results
of this appendix, that
At(t, r, θ) =
3
a2 + 2
R−a
2
(t)H−1−a
2/2(t, r, θ), (7.18)
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φ(t, r, θ) =
−3
4a
ln(R2a
2
(t)Ha
2
(t, r, θ)), (7.19)
and
H(t, r, θ) = R−2(t){R2+a2(t) +K(r, θ)} 22+a2 . (7.20)
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